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Abstract. We consider the contact process on the random graph cho- 
sen according to the power law model of Newman, Strogatz and Watts 
(2001, E|). We follow the work of Chatterjee and Durrett (2009, [2]) 
who showed that for arbitrarily small infection parameter A > 0, the 
limiting metastable density does not tend to zero as the graph size be- 
comes large. We show three distinct regimes for this density depending 
on the tail of the degree law. 



1. Introduction 

In this article we examine a question left open by [2] on the contact process 
on random graphs. 

The model postulated in [2] was a graph G n = (V n ,E n ) where V n could 
be thought of as the set {1,2,..., n}. The degrees of vertices were chosen 
as follows. One assumed a fixed probability p on N and considered the 
distribution of n random variables with law p. Then, the degrees (d\, . . . , d n ) 
were sampled independently with this distribution conditioned on the event 
{Y^i=i di = mod 2}. The probability p was taken satisfying 

(1) p(0) = p(l) = p(2) = 0, 

(2) lim x a p{x) = c G (0, oo). 

X— ¥oo 

for some a > 1. 

Given a suitable realization [d\ {oj) , d® (v) , ■ ■ ■ ,d n (uj)), the graph G n was 
formed via the recipe of [6]: each vertex i was issued with di half edges and 
these half edges were matched up in a uniformly chosen manner. Of course, 
this random matching up may result in a graph with loops or multiple edges 
between two distinct vertices. However, as we will see, their presence is not 
relevent to the questions we shall address. 

We then consider the contact process on this graph. The contact pro- 
cess on a graph G = (V, E) is a continuous time Markov chain on {0, 1}^. 
Assuming G has no loops or multiple edges, the process has operator 



mo = E(/(n-/(6)^(e) 
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where Vx 6 V, f £ {0, 1} V is the element of {0, 1} V so that £ x (y) = £(y) if 
and only if y 7^ x and 

'1 if £(*) = !; 

A- J] £(y) if£(z) = 0. 

y: (x,y)eE 

The parameter A is called the infection parameter. The terminology is due 
to the fact that the contact process is usually taken as a model for the spread 
of an infection in a population. In this interpretation, sites of the graph are 
thought of as individuals and states and 1 are respectively interpreted as 
"healthy" and "infected". 

In case the graph has loops or multiple edges between pairs of sites, we 
need to specify in the definition of the dynamics how they are treated. We 
take the process to be as above with 

'l if C(ar) = 1; 

e<=E y:{x,y}ee 

A configuration £ G {0, 1} V (or indeed a process (£t)) may be identified 
with the subset of V (process of subsets) consisting of vertices for which 
£(x) = 1. The process as defined above has as a trap state which for a 
finite graph G will eventually be reached. We may write this time as either 

r = inf{/ : ^ = 0} or r = inf{£ : & = 0}. 

Equally we may write x G £ to signify that £(x) = 1. 

It is elementary that the above operator defines a Markov process but it 
will be very instructive to introduce a construction of the process, the so- 
called Harris construction. We suppose given independent Poisson processes 
D x , x G V of rate 1 and D e , e G E of rate A. The process : f > 0} is 
constructed by stipulating that 

(i) at £ G ZA,,, £t(x) flips to if immediately prior to t it had value 1 (if 

immediately prior £.( x ) was its value is unchanged), 
(ii) at t G -D e with x,y G e both £t(x) and £t(y) become 1 if one among 

them is a 1 and the other 0; otherwise they are unchanged. 
Arrivals of the processes (D x ) xe v ar e called deaths; arrivals of the pro- 
cesses (D e ) e£ E are called transmissions. We say that there is an infec- 
tion path from (x, s) to (y,t) with (x,s), (y,t) G V x R + , s < i if there 
exists n and sequences s = so < s\ < S2 ■ ■ ■ < s n < s n+ \ = t and 
x = xo, xi, ■ ■ ■ x n = y with the properties that 

(a) for each 1 < i < n there exists ej so that Sj G D ei and Xj, Xj_i G ej, 
(6) for each 1 < i < n + 1, [sj-i, Sj] n D Xi l = 0. 

We write (x, s) o (y, t) if there is an infection path from (x, s) to (y, t). By 
extension we take (for A, B C V x E + ) ylf^Bto mean that (x, s) o (y, t) 
for some (x, s) G A and (y, t) G B. For C C F, we say A ^ B inside C if 
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there exists a connecting path entirely contained in C. It is easy to verify 
that for the contact process constructed via a Harris system of Poisson 
processes 

&(y) = l <=> 3x€£o: (x,0) O (y,t). 

This property may be reexpressed using the following notation. Given a 
Harris system, (£f )t>o denotes the contact process constructed from £0 (z) = 
5 XZ . Given A C V, (£^)t>o that constructed from £q(z) = heA- 

VA C V, ^ = U.eA Ct- 

This is the so-called additivity property. We also have (using the same 
notation) the attractiveness property: 

AcB CV ^ Vt, C £f . 

In the following, given a graph G we will write Pg,\ for the probability 
under which processes (tf)t>o are contact processes on G with infection 
parameter A and initially occupied sites equal to A. Sometimes we will 
write = ) for the contact process started from full occupancy. 

We now go back to the discussion of the contact process on the Newman- 
Strogatz- Watts random graph. Though many results were shown in [2], for 
us the most important was the following. Given 5 E (0,1), A > 0, the 
contact process with parameter A starting from full occupancy on the 
randomly chosen graph and x € V n randomly chosen, let 

Then, no matter how small A might be chosen, 

p(X,6) := lim inf p n (\, 5) > 0. 

— n— >oo 

Also define 

~p(\,5) := lim sup p n (A, 5). 

n—too 

Bounds for these quantities were obtained in [2]: 

V e > 0, 5 > 0, A 1+(a - 2) ~ £ > p(A, 5) > p(X, 5) > A 1+2 ( a - 2 )+ e 
when A is small enough. 

The question was raised as to the actual behaviour of p(X, 5), p(A, 6) and to 
the behaviour for 2 < a < 3. We show 

Theorem 1. If a > 3, there are nontrivial constants mi, Mi so that, for 
any 5 > and small enough A > 0, 

^l+2(a-2) ^l+2(a-2) 

^ log 2 ^ (i) - - (A ' 5) - nX,6) - Ml log^ (i) • 



4 



THOMAS MOUNTFORD, DANIEL VALESIN AND QIANG YAO 



Theorem 2. If 2\ < a < 3, there are nontrivial constants 777.2, M2 so that, 
for any 5 > and small enough A > 0, 

\l+2(a-2) \l+2(a-2) 

Theorem 3. If 2 < a < 2^, there are nontrivial constants 7773,71/3 so that, 
for any 5 > and small enough A > 0, 

m 3 A 1+ §^ < p(\, 5) < p(A, 5) < M 3 A 1+ ^ . 

Of critical importance in the analysis of [2] was the occurrence of stars: 
subgraphs where there existed a central site x of high degree and so that 
every other vertex had degree 1 and was a neighbour of x: if broadly speaking 
deg(x)A 2 3> 1 the contact process on the star will survive a long time; 
otherwise it will quickly die. For a > 2^ the bulk of the contribution to 
p n (X,5) comes from points adjacent to sites of degree ^> -h (we will be 
more precise later); however, for a < 2^ stars do not play a central role in 
the analysis: it is rather a question of the contact process quickly spreading 
out. 

We conclude with some basic notation. Given a graph G containing vertex 
x, Bg(x, K) will denote the set of vertices in G at distance less than or equal 
to K from x, including x itself. We have fixed law p(-) satisfying ([1]) and 
(|2|). Throughout \x will signify the mean u = ^2 X xp(x) and q(.) will denote 
(for a > 2) the law q{x) = xp ( x ' . Its mean (which exists for a > 3) will be 
written as v. 

A trivial and immediate consequence of the assumptions (pQ) and ([2]) made 
on the kernel p(-) is the following. There exist cq, Co > such that, for 
large enough 77, 

(3) c n~ a < p(n) < C n~ a (for any a > 1); 

00 

(4) c n-( a -V < ^ p{m) < Con-^-V (if a > 2); 

m=n 

(5) c n- (a -V < q (n) < Con'^ (if a > 2); 

00 

(6) c 77~ (a - 2) < < Con~ {a - 2) (if a > 3); 

m=n 

(7) c n 3 - < ^=° m ? (T " ) < C n 3 - (if a G (2, 3)). 



2. Some Basic Tools and a Reduction 



In this section we collect together some general considerations which will be 
relevant in all three of our analyses. 
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2.1. Locally G n is a tree. We start stating a result that was of funda- 
mental importance in the analysis of [2]. See [2] and Chapter 3 of [4] for 
details. 

Proposition 4. For each n G N, let G n be a Newman-Strogatz-Watts ran- 
dom graph with degree law p and assume that x is uniformly chosen in 
{1, . . . ,n}, independently of the graph. As n — > oo, the law of Bqu(x,K) 
converges to the law of Bt(o, K), where T is a Galton- Watson tree such that 
(i) the degree of the root o is chosen ~ p. 
(ii) the degrees of subsequent vertices are iid ~ q. 

Notation: We will denote by Pn iX ,A a probability measure under which, 
independently: (i) a Newman-Strogatz-Watts random graph G n on n ver- 
tices is chosen, (ii) a vertex x is chosen uniformly among the n vertices, and 
(iii) a Harris system of parameter A is defined on G n . We can then consider, 
for instance, the contact process on G n started from x infected. 

We will denote by ^(h,q) the law under which a random rooted tree T 
is obtained by choosing the degrees of the vertices independently: that of 
the root o according to probability h(-) and those of "subsequent" vertices 
according to q(-). We use F q for the law under which every vertex has degree 

1.1. d. according to q. P(h,g),A W1U denote the joint law of a rate A contact 
process on a tree independently generated according to law P(h,g) (typically, 
h will equal p). We similarly use notation iP q \. 

2.2. Time to extinction on star graphs. As already noted, a basic con- 
cept in our analysis is that of a star. A star is a connected graph so that all 
vertices except a privileged one (called the hub) have degree 1. The degree 
of the star will be the degree of the hub. One of the important contributions 
of [2] was the realization that, for the contact process on Newman-Strogatz- 
Watts graphs, the presence of subgraphs that are stars of large degree is 
of fundamental importance. As in that paper, for us it will be important 
to understand how long the contact process can survive on a hub of large 
degree. The following two lemmas give respectively a lower and an upper 
bound for the time of survival. 

Lemma 5. There exists a constant C2.1 so that, for A < 1/100, M > 100 
and a star S of degree 4f and hub x, 
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and, for j > 1, 

f 90 1 

Aj(x) = < x is in state 1 at least of the time in [j — > ; 

for at least ^e _1 sites y, there is no death at y 
^ . . in [j — 1, j] and there exists t y G [j — l,j] such that 

Ja ^ ' ') Cty( x ) = 1 an d there is a transmission 

from x to y at time i y 

Obviously Ps,\(Ai(x)) = e _1 and for some universal C a > 0, 

Ps,x{Aia(x)) >l-e~ c « M 

uniformly over A < y^j, M > 100. It is also easy to see that 

Ps,x(MxT\A 3 -la(x)) 

^ p ( of at least H^e~ x occupied sites at time j — I, \ 
~ ' V less than — survive in [j — 1, j] J 

for (z s ) s >o the Markov chain on {0,1} with rates qoi = M \ ' ; gio = 1- 
Thus, 

P s ^A ] (x)\A^ la (x))>l-e- c ^ M 

for some Cb uniformly over A < M > 100. 
Similarly, 

P s ,x {A ja (x)\Aj(x) | Aj. la (x)) < e~ c * M 

for some universal Cd- The event | J'q 21 I^ t ^ = iy dt < - — ^—^f is con- 
tained in Uj<MC 2 .i {Aj U Aj a ) and so, fixing C2.1 small, we obtain easily the 
desired result. □ 

Lemma 6. There exist k > 0, C2.2 > so that, for A < 1/100, M > 1 and 
a star 5 0/ degree < , 

PS,X (Cfl0g(l/A) = 0) > ^' C2 ' 2M - 

Proof. Obviously after time 2 log (y) the number of occupied leaves is stochas- 
tically less than a Bin(^, 2A) and so will be less than ^ with probability 
larger than | uniformly over M, A. Given this, the conditional probability 
that in next log j units of time 

(a) x dies by time 2 log (j) + 1 without infecting more than 4^ leaves; 

(6) each leaf either infected at time 2 log (j) or that receives a trans- 
mission from 1 during time [2 log (^),21og (j)+l] dies during 
[2 log +1,3 log (j)] and makes no transmission to x during 
[2 log Q), 3 log Q)] 
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-1 AM 

is greater than (1— e 2 )C(1 — 2A) A for C universal (uniformly over relevant 
M and A) and so the result follows. 

□ 

2.3. Estimates for the contact process on trees of bounded degree. 

We will need the following result, that concerns the contact process with 
small infection rate on a tree of bounded degree. 

Lemma 7. Let A > and T be a finite tree such that all sites have degree 
less than Then, if X is small enough, 

Vx,y G T, P T , A ( (x,0) o {y} x [0,oo) ) < (2X) d ^y\ 

Proof. Given the Harris construction the above probability is equal to that 
of 

3t>0: %(y) = 1 

for {£f : t > 0} the contact process on T of rate A starting with just x 
occupied. We note that 

M t = ^f AT (z)(2A)^) 
zeT 

is a supermartingale where r = inf{£ : £f (y) = 1}. Thus the desired 
result follows from the optional sampling theorem. □ 

We can adapt the above reasoning to get 

Lemma 8. Let A > and T be a finite tree such that all sites have degree 
less than gp-. Then, if A is small enough, for all t > 

Vx,y G T, P TiX ( £f (y) = 1 ) < (2A)^) e -*/ 4 , 

where (£f ) is the rate A contact process on the tree T with initially only the 
site x occupied. 

This has the important corollary 

Corollary 9. Consider the contact process (£t)t>0 on a t ree T starting from 
full occupancy. Suppose that T satisfies the condition of Lemma [3 and that 
A is small in the sense of this result. Then, 

PT,Afe T /0) < m 2 e-*/ 4 . 

Corollary 10. Let T be a tree of maximum degree bounded by Then, 
if A is small enough, 

(8) P r , A ((*, 0) o {y} x [t, 00)) < i(2X) d ^ e" 4 / 4 Vt > 0, x, y G T; 
Pt,x({x}x [0,t]o{y}o[t',oo)) 

(i>) < 8t(2X) d ^ e'^i '^) \ft,t' > 0, x,y G T. 
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Additionally, for any 5 > 0, if X is small enough we have 



(10) 



T.X 



3t' : {x} x [0,t] o (y,t') and \ (0 ^r 2 -s)d(x,y) 
(y,t')^{x}x[t',oo) 



Vi > 0, x, y G T. 



Proo/. Let of'* = inf{s > t : fi(y) = 1} and = inf{s > a*' 2 ' : g(y) 
0}. We have 

P T , A (of* < 00) = E T> , (l K ., <oo} • " ^ I ^)) 



< S 



T,A 



%(2/)=l} ds 



Pt,a(C(2/) = 1) d« 



< (2X) d(x ' y) / e" s/4 = (2A) d(se ' tf) e~ t/A , 



proving (JSJ). For Q, define Ac as the event that there is at least one trans- 
mission starting at x before the first death mark at x after time 0. We 
have 



(x,0) <-> 
{y} x [t,oo) 



s = 1 + Adeg(x) p ^ x 

Adeg(a;) 



Given times a < b, recall that N x (b) — N x (a) is the number of trans- 
missions starting from x in [a, b]. Let r(x, a) denote the time of the first 
transmission starting from x after time a. Then, for any c > 0, 

P T ,x ({x} x [a, b] o {y} x [c,oo)) < Pr,x(N x (b) - N x {a) > 2)+ 



Pt,a 



(x,0) O 
{y} x [max(0, c — s), oo) 



T,A 



i\P(6) - i\P(o) = 1, 
t(x, a) G ds 



< CX 2 (b-a)+ 



4t(2X) d(x ^ 1 + ^ d ^g( a ) e -imax(0,c-b)) p TX ( N x( b -\ _ ^(a) = 1). 

A deg(a;) 



Finally, 



P TiA ({*} x [0, i] O {y} x [t', oo)) 

TV , 
< limsup ^^Pt,a ( {^} x 



t— >oo 



1=0 



ijf, + ) <-> {//) ' /.X) 



^l + Adeg^) /•* _i 



< At(2X) d( - x ' y) 

Adeg(x 

< 8t{2X) d ^ e - max ( ' 



e 4 



max(0, t'- S ) Ms 



t'-t • 
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We now prove (PTUj) . We have 

P TiA (3t' : (x,0) o (y,t') O {x} x [i', oo)) 
< P T , A (3i' > 10d(x, y) log(l/A) : ^fo) = l) 
o- ' y < oo, 

{y} x [a™, + Wd(x, y) log(l/A)] o {x} x oo) 

By ©, the first term in the sum is less than 4(2A) d ^) • A^O^) < \ 2d ( x >y) 
when A is small. The second term in the sum can be treated with a similar 
argument that proved © ; it is smaller than 

(2\) d ^v) . 8(10 d(x,2/)log(l/A)) • (2X) d{x ^ < (2\)( 2 - s W x >y) 

when A is small. □ 

2.4. Reduction to contact process on Galton- Watson trees. In [2], 

the authors show the following. Fix e > and 5 > and start the contact 
process on the Newman-Strogatz- Watts graph on n vertices, G n = (V n , E n ), 
with a single occupied site of degree > jz+z- Then, provided A is sufficiently 
small and n is sufficiently large, the process will survive with probability 
> C(e) up until time e n . It is not hard to adapt their approach to show 

Lemma 11. For n € N, x 6 V n , e > and K G N, define 

f 3y € Bc n (x,K) : deg(y) > 1/A 2+<E , 
\ (x,0) o {y} x M + inaide B G „(x,K) 

Then, given e, 5, k and if € N, i/iere exisi Ai > and no £ N so that 

Pn(A, £) > (1 — «) ■ ^n,x,X 

when n > uq and A < Ai. 

Together with Proposition [4J this easily generates the following result. 

Proposition 12. For any e, 5 > 0, there exists Ai > such that, for any 
A < Ai and R > 1, 

„a twi, f 3 2/ € B T (o,R) : deg(y) > \ 

Again using Proposition HI we easily get 
Proposition 13. For any 5 > 

In the following three sections, we prove Theorems [H [2] and [3] by applying 
the two above propositions. Thus, in this sections we only study the contact 
process on Galton- Watson trees and do not mention the Newman-Strogatz- 
Watts random graphs. 
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3. The case a > 3, proof of Theorem [Q 

3.1. Lower bound. When a > 3, sites of "supercritical" degree, that is, 
degree larger than 1/A to some power strictly larger than 2, are typically 
very far from each other and far from the root of the tree. However, as the 
next lemma shows, if the infection starts at a site whose degree is a large 
multiple of p-log 2 (-^), then the infection is maintained for a long time 
and can therefore reach distant sites. We then argue that at this distance, 
supercritical sites can be found. 

Lemma 14. For any M > 100, A > small enough and any connected 
graph G = (V,E) with x,y € V, deg(x) > 4M^log 2 (±), d(x,y) < 
M log (t) , we have 

P G , X (3t : £(y) = 1) > 1. 

Proof. Let S = B(x,l), r = 2Mlog(l/A) and / = [C 2 .i (iM) 4J ^ log(1/A) j ? 
where C2.1 is the constant of Lemma Define the events 

A = {Vs<Ir, 3zeS:g(z) = l}; 

A{ = {3z G S : £f r (z) = 1}, i = 0,...,I-l, 

so that A C C\\ = ]_Ai and, by Lemma [5] and the fact that 

Ci • exp (A 2 • 4M(1/A) 2 log 2 (1/A)) > Ir, 

we obtain, for A < 1/100, Pg,\( A ) ^ p s,x(A) > 5. 

On Ai, we can choose Z{ € S such that £f r (Zi) = 1 and a path 70 = 
Zj,7i, . .. ,7fc = y such that d(7j,7j+i) = 1 Vj and k < Mlog(l/A) + 1 < 
2Mlog(l/A). Then, defining 

Bi = Ai n {3s € [ir, (i + l)r) : (Z*, ir) <-> (y, s)}, 

we have 

P G ,x(Bi) > (e-^l - e - A )) 2Wk «( 1 /A) > (A/8 )2Mlog(l/A) ; 

since an infection path can be obtained by imposing that, for < j < k, 
there is no death mark in {7^} x [ir+j, ir+j+1) and at least one transmission 
m {(7j)7j+i)} x [ ir + j, ir + j + 1). Then, 

P G , X (a n (uf-Q 1 ^) c ) < P G , A ((nf-o 1 A) n (uf^ 1 ^) c ) 

< Pg,x ((nf-o 1 4) n (uf- 2 B t y) ■ P G , X (BU) 

< P G ,x ((n[" 2 JU) n (u[" 2 B 4 ) c ) • (1 - (X/8) 2Ml °^) 
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Iterating, we get 

P G , X (An(uU Bif) < (l - ( A /8) 2M1 °s(VA)' 

< exD J _ fA/8) 2Mlog(l/A) . £23. (l/A) 4M1 °g( 1 / A ) 

- 6XP | lA/8j 2 2Mlog(l/A) 



and this tends to zero as A — > 0. In conclusion, when A is small enough, 

,/-l- 

J i=0 ■ 



P G)A (3t : e?(y) = 1) > Pg,a(^ n (u^-q 1 ) 5,) > 1/10. □ 



Now, let M = 100a, D = 4M(1/A 2 ) log 2 (l/A) and R = Mlog(l/A). We 
have 

3t > 0, y € Sr(o, P) : deg(y) > 1/A 3 , , ^ 



''■'■■'< : ' A \ (o, 0) <-> (y, /) inside B T (o, R) 
3^Bt(o,1), y €5 t (o,P) : 



E (p>g) I \ deg(x) > D, deg(y) > 1/A 3 



}-PB r (o^),A(3*:ff(x) = l) \ 
•PBT(o,fl),A(3t:6?(l/) = l) / 



On the event in the indicator function, 

Pfl r(o ,fl),A(3t:^(x) = l)>A/(l + A) 
and also, by the above lemma, 

Pb t{ o,r),x(^ : e t {y) = 1) > ^ 

provided A < 1/100. Also, 

jP(p >9) ( 3x e B r (o,l), y € B T (o,R) : deg(x) > D, deg(y) > 1/A 3 ) 
3xeB T (o,l):\ - / $yeB T (o,R): 



- P (p<9) I deg(x) > D J r ^ I deg(y) > 1/A 3 



> C0J D a - 2 -(l-c A 3 ( a - 2 )) 2i? , 

since there are at least 2 R vertices at distance R from o. The above is larger 
than 

* (4(100„) (i))""-exp {-^ ■ *»■-*} > m ^ 

for some m > and A small enough. We thus have, for some rriQ > and 
small A, 

~ ( 3t > 0, y G Br( 0l P) : deg(y) > 1/A 3 , \ ^i+2(a-2) 

r fe 9 ),A ^ (o> 0) (y> t) inside Bt(C; jR) y - "0 log 2 (1/A) > 

so now the lower bound in Theorem Q] follows from Proposition 1121 
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3.2. Upper bound. We now want to argue in the opposite direction as 
that of the previous subsection. That is: sites of degree smaller than a 
small multiple of vjr log 2 do not maintain the infection for a time that 
is sufficient to reach supercritical sites. As a first step in this direction, the 
next result bounds the time of survival on trees in which all sites except the 
root have small degree. 

Lemma 15. There exist C3.1, Cgj > such that, for small enough X, if 
€q > 0, T is a tree with root o such that deg(o) = eo • t? • log 2 (j), deg(x) < 
gp- for all x ^ o and #T < p-, then 



Pt,\ (Cn /A) C3. l£0 l o g (i/A) + 0) < exp 



lX C^ 1 6 -log(l/A)- 

Proof. We will divide time into integer multiples of 1/A; in each interval of 
the form [3i/X, 6i/X] we will make an attempt to extinguish the infection 
in the whole tree. Each attempt will have small probability of success, so 
we will need a large number of them. 

Let T = {x: d(o,x) = 1}, $ = {x : d(o,x) > 2}, 7 = #r, ip = #*. For 
i 6 N, define 

a 1 = min (5i/X, inf{t > 4z/A : there is a death mark at o}) . 
Let G\ = {V < 5*/A}, so that ¥(G\) > 1 - e _1 /\ Define 

^(*) = -f{Tx{3i/A}^(:r,t) or {o}x[3i/A, i]<+(s,t)}> x € ^\{o}, t € [4i/A, 5i/A]. 

By duality and LemmaO for x € T\{o} and t E [4i/A, 5i/A], 

x, 0) o {0} x [0, 00) or 
P T;X (X?(t) = 1) = P T ,A ( (x, 0) o T x {t - 3i/X} through a 

path that does not pass by o 

4A if x G T; 



if A is small. In particular, if A is small, 

(11) e TjX < 4 ^t; e TiX ( Y,xt(t) J < 8A 2 V- 

Vxer / Vise* / 

From now on, we assume that A is such that all these inequalities are satis- 
fied. Next, define 



G\ = G\ n Kip*) < !6A7 ; G\ = G\ n 1^2 K(° L ) < 32A 2 V 
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For any t £ [4i/A, 5*/ A], we have 
P T , A (G\ DGl\a l =t) 



p T , A ( *£xi(t) < i6A 7 , E x -(*) < 32A2 ^ 



a 



noticing that for any x, X l x (t) is independent of the times of death marks at 
the root o, we can remove the conditioning from the right-hand side. Also 
using (llip and Markov's inequality, the above is larger than 



> 1 - 
We thus get 



4A 7 _ 8A> _ I 
I6A7 ~ 32A 2 V> ~ 2" 

•5i/A 



4i/A 



P T , A (G\ nG\\a* = t) Pr^a* = dt) > P T ,x( G \)/ 2 - 



Now define 

G\ = G l 2 n {Vx € T : Jti(<7*) = 1, (x,o*) «Tx {6i/A}} ; 
G| = G| n {Vx e f : ^(ff*) = 1, (x,a { ) «Tx {6i/A}} . 

Notice that the events {(x, a 1 ) ^ Tx {62/A}} for x € 7"\{o} are increasing 
with respect to the death marks in the Harris system and decreasing with 
respect to the transmissions. They are thus positively correlated. For this 
reason, given t <E [4i/A, 5i/A], A C T with j^A < I6A7 and B C * with 
#.B < 32At/>, we have 

G\ n G\ n {a* = 
n{{x € r : X i (x) = 1} = A} 
D{{x G * : = 1} = 5} 

1 J! P r,A((x,t) «Tx {6i/A}) 



T,A 



G 4 in c7tj 



x£AUB 

* n 



(x, t) o {0} x [i, 00) or 
1 - -Pr,A I (x,t) o T x {6i/A} through a path 
that does not pass by o 



> (1 - 4A) 16A7 • (1 - 8A 2 ) 32A Y 



< e 



-2f 



Using the inequality 1 
is larger than 

exp {-2 • 4 • 16 • A 2 • 7 - 2 • 8 • 32 • A 4 • V} 



, which holds for small enough i > 0, this 



> exp < —C A • e 



A 2 



log z 



+ A 4 - 



A 3 



> A C-6 -log(l/A) 
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for some universal C > 0. Now put C3.1 = 8C and C' 31 = C. 

Define G 1 = fl| =1 G*-. The events (G*)~ are independent and, from what 
we have seen, it follows that 

(12) P t ,a(G*) > (1 - e" 1/A ) • (1/2) • X^-^ogii/x) > ^y 4 j A %i. eo .iog(i/A)_ 
Finally, if G i occurs, then T x {3i/A} «Tx {6i/A}. This implies that, if 
/ 0} occurs, then G l cannot occur for 

(l/A) 03 - 1 ' 60 " 10 ^ 1 /*) 



< i < 



3/A 



- 1 





h- 1 


1— 1 




3 ' 





- 1 



This has probability smaller than 



1 _ I A %^o-log(i/A)^ 



l^i^C 3 . 1 -e -log(l/A)-l_ 



< exp < 

< exp < 
when A is small. 



1 



1 1 



. A %1 e log(l/A) . 

4 2 3 



I \ c Li £ o log(i/A) ^| 



%i eo log(l/A) 



□ 



Recall that /i and denote the expectations associated to laws p and 

q, respectively. Denote by 6 = max(/i, 1/). Since a > 3, we can choose 
e G (0, 1/2) such that 

(13) 4(o-2) -3elogfl > 2(o - 2) + 1; 

(14) 3(o-2) - 4e(2a - 3) log > 2(o - 2) + 1. 
We also choose eo so that 

(15) e < e/C 3 .i- 
Define the events on Galton- Watson trees: 

A 1 = {deg( )>l/(8A 2 )}; 

A 2 = {#£( ,2elog(l/A)) >1/A 3 }; 

{There exist x,y G B(o, 2elog(l/A)) : 
deg(x), deg(y) > 1/(8A 2 ) and the geodesies 
that connect o to x and o to y only intersect at o 

A = A 1 UA 2 UA 3 . 

We will show that the probability of A is negligible in comparison to that of 
the event that contributes the most to the probability of survival (namely, 
the root infecting a neighbor of large degree). This gives a precise meaning 
to our earlier suggestion that sites of large degree are typically isolated and 
far from the root. 
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B x = {Vx G B(o,l), deg(x) < 1/(8A 2 )}; 

B2 = {There exists a unique o* : d(o,o*) = 1, deg(o*) > 1/(8A 2 )}. 

The whole space is contained in A U B\ U B2 ■ We further define the following 
sub-events of B2 : 

B21 = B 2 n {deg(o*) > e (l/A 2 )log 2 (l/A)}; 

B =B C\{ 3 ye J B(o,2elog(l/A)) : deg(y) > 1/(8A 2 ), 
22 2 \ the geodesic that connects o to y contains o* 

B23 = B2\{B2i U -622)- 
We then have 

P(p, ff ),A 7^ Vt) < P(p,,)(ili) + F (Pi9 )(A 2 ) + P( M )(A 3 ) 

+ P( m) ,a l^n^) 

(16) + P(p,,)(B 21 ) • P(p,, )iA / vt I b 21 n A c ) 
+ f im) (B 2 2 n b 2 c i) • P (p , g) ,A (6° / vt I 522 n A 
+ p (m ),a (& {O '°* } /0W |B 23 nA' 

We will now show that the right-hand side of the above equation is less than 

C , 1", , 2 \ r- ■ We will treat each of the terms in turn. 

Iog^ a- -^(l/A) 

§1) F(p j(j )(Ai). Since deg(o) has law p under P( P)9 ) we have, for A small 
enough, 

(17) f M ( Al ) < P [1/(8X% 00) < CA 2 ^ 1 ) < log C2)(i/ A) - 
§2) P(p )? )(A 2 ). We will need the following 

Lemma 16. Let Z be distributed as q and let Z\,Z2,--- be a sequence of 
independent random variables distributed as Z — v. Then, there exists C3.2 > 
such that, for all n € N and x > 0, 

P(Zi + • • • + Z n > x) < C3.2 — 



3? Lt — ^ 



Proof. Let <f>z 1 be the characteristic function of Z\. By (3.2.2) in [3], there 
exists C > such that, for all i, x, 

(18) |1 + its - e itx \ < Cmm(tx, (tx) 2 ). 
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Choose C such that P(|Zi| = x) < C' Q /\x\ a ~ l for any x 6 R. Applying ([LSD , 
we have 



(19) 



|i-<M*)l = E C 1 + ito - e '* n ) p ( Zl = < 

< \l + itn-e itn \ P(Zi 



n 



in 



(20) 



|n|<l/t 
1 



|n|>l/t 



tr 



a-l 



1 



< C" (t 2 -=— + t < C t a ~ 2 

t 4-a t 3-~ - 



Now, fix n € N, write S n = Z\ + • • ■ + Z n and let <fig n be the characteristic 
function of S n . Using the fact that, for a in a neighborhood of 1, |1 — a n \ < 
2n|l — a\, we have, if \t\ is small enough, 

|1 - fa n (t)\ = |1 - Zl (t) n | < 2n|l - cf> Zl (t)\ < C'nt a - 2 . 

Then, by (2.2.1) in [3], 

nSn>x)<^ / (l-^) )c ft<--C'n - — 

2 y_ 2/:r 2 x v^/ x 

as required. □ 
Now, for the sake of readability, we put 



2X 3 



g= L2elog(l/A)J, V = u 2 Ef=i , 
Xi = #B(o,i), l<i<g. 



fi 2 u 2 ^- 1 1 



V ' 



Then, we have 

{#B (o, 2e log(l/A)) > 1/A 3 } c {X l + ■ ■ ■ + X, > x) 



so that 



(21) 



F M (A 2 )<f M (X 1>Sl x) 



g Si-i x 



+ E E ^W** > S * X I = k ) ■ V( P ,q)( X i-l = k )- 



i=2 k=l 



We have 



P,Q\ 



/I 



(Xi > six) < P \X l > Z-x) < P Xi > — < C, 



a-2 
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in the second inequality we have used the fact that // > 1. Also, using the 
notation of Lemma [TBI if i > 2, 



¥ q (Xi > Si x | Xi-i = k) = F{Zi + • • • + Z k > Si x - uk). 



When k < Si-ix, we have S{X — uk > {x/V)n (y 
applying Lemma [To] when k < Si-\x we have 

P(Zi + • • • + Z fc > Si x - uk) < C7 3 . 2 
The expression in (|21[) is thus less than 



2 rj ,2(i-l)_„2(i-2). 



> a?/V. So, 



a-2 



r a— 2 



a-2 9 * 



i=2 fc=l 

T/a— 2 T^a— 2 9 i 

< ^o—^ + c 3 . 2 — j y: m^- 1 < c • — 5 • ^ . v*\ 



1=2 



Now, note that V < 9 2a+2 , so the right hand side is less than 

#2(g+l)(a-2)+ 9 +l 



c- 



pa — 2 



£f^3(a-2) . ^(g+l)(2o-3) < ^^3(a-2)-4e(2a-3) log(0) 



Therefore, by (|14p . when A is small enough, 

A l+2(a-2) 



22 



P ( M )(^) < 



log 2(a - 2) (l/A)' 
3) P( P)9 )(>l3). This is bounded as follows. 



(P>9) 



(A 3 )<gp (Pi0) (deg(o) 



n 



n=2 



(P><?) 



/ 3x,y,z,w G B(o,2elog(l/A)) : 
x 7^ y, d(x,o) = d(y,o) = 1, 
the geodesies from x to z and 
from y to w do not contain o; 
V deg(z),degH > 1/(8A 2 ) 



deg(o) = n 



oo 

< p(n) 

n=2 



2\\ 2 



; , Z q (3z € 5(o,2elog(l/A) - 1) : deg(z) > 1/(8A 2 )) 



< CoA 2 ' 2 ^ 2 ) ■ (l + 9 + • • • + fl^VA)) • g n 2 p(n). 



71=1 



Since a > 3, the sum in the last expression is finite; then, using (|13p . we 
conclude that, for small enough A, 

A l+2(a-2) 



(23) 



\ M) (A 3 )<CX^ 



1 



< 



A3elog0 - l og 2(a-2) (1/A) 
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§4) P( P)? ) )A ^ Vt | B x n ). Choose fceM with k> 2(a - 2) + 1. Fix 
A > and let T be a rooted tree such that the root and its neighbors have 
degree smaller than 1/(8A 2 ). Define, for 2 < i < k — 1, 

{x G T : d(o,x) = z; deg(x) > 1/(8A 2 ); 
the geodesic from o to x does not contain 
any vertex of degree larger than 1/(8 A 2 ) 

V k (T) = {xeT : d(o,x) = k}; 

put di = di{T) = #Vi(T) for 2 < i < k. Finally, put 

r / = (yfc p.) u / x £ T : d(o, x) < k, the geodesic 1 
1=2 | from o to x does not intersect (ujL 2 2?j) J ' 

Now, in T' the maximum degree is smaller than 1/(8A 2 ), so Lemma [7] applies 
and we have P T / jA (£ t °(ic) = 1 for some t) < (2X) d( -°' x \ Then, 



Pt,x ^ Vt) < P T %A (3t > 0, x € ufUA : £°(x) = lj < ^Td^A) 

i=2 

SO 



(24) P fe?)>A (^ {o} ^ Vt | £ x n Af) < J>A) 1 • E (p,,)(dj|Si n 

i=2 

Now, noticing that, for 2 < i < k — 1, 

E^CdilBxHAf) : d(o,s) = i, deg(x) > l/(8A a )}|Bi n Af) 

< E M (#{x : d(o,x) = i, deg(x) > 1/(8A 2 )}) 
= ^^qil/iSX 2 )^) < C 6* (8X 2 ) a - 2 

and 

e (m) (4|Si n Al) < I (p, ff) (d fc ) < 

(J2H) is less than 

oo 

(20A) fc + C • 8 a ~ 2 • A 2(a ~ 2) • (26>A) 2 • J^(20A)*. 

i=0 

By the choice of k, we conclude that, for A small enough, 

(25) P (Pj9)iA fe {o} ^0Vt|P 1 nAf) < 



log 2(a-2) (1/A) ' 
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§5) ¥ {P)q) (B 2 i). We bound directly: 



W^i) < ]TiV)( de g(°) = *0 

k=l 



3o* : d(o,o*) = 1, 
' r M[ deg( O *)>e (l/A 2 )log 2 (l/A) 



deg(o) = k 



\2(a-2) 00 

s( Vw- 2 '(i/» S" Mldes( ° Htl 

A 2(a-2) 



(26) < C; 



log 2(a-2) (1/A) 

for some C > 0. 

§6) P( p(? )(i?22 H -Bfi)- F° r -^22 H to occur, the root o must have a 
neighbour o* of degree between 1/(8A 2 ) and eo(l/A 2 ) log 2 (l/A), and there 
must exist a vertex y of degree larger than 1/(8A 2 ) in the tree that grows 
from o* away from o; y must be at distance less than 2elog(l/A) — 1 from 
o* . We thus have 

Ml/A 2 )log 2 (l/A)l 

f M (B 22 n B c 2l ) < ]T p (P,q)( B *i de s(°*) = k ) 

fe=Ll/(8A2)j 

* / 3y€ J B( ,2elog(l/A)) : 
• r (4,g) I deg ( y ) > l/(8A 2 ) 



< 



3yG£( ,2elog(l/A)) : 



5 e (i/A2)io g 2 (1/X) ,9) V deg(y) > 1/(8A 



2^ 



< 1° . l og 2 M Wi + „ + . . . + ^logd/A)^ . A 2(a-2) . ^ . A 2(a-2) 

When A is small enough, this last expression is less than A 4 ( a - 2 )- 2 -3eiogi 
so, by (USD, 



(27) ^^^-^io?^^- 



§7) P(p, ? ),A (# / Vi I B 2 i n A c ) , P (m)jA (# / Vt I £ 22 n A c ). These two 
probabilities are bounded in the same way, so we will only treat the first. 
Let 

rpn _ r *| u f x £ B(o,5) : the geodesic that connects \ 
\ o to x does not contain o* J ' 
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We have 



3yeT":d(o,y) = 5, 

r (p,q),X I ( 0) 0) x R+ inside T » 



B 21 n A 1 



E x = b 23 nA c n 



On B 2 \ fl A c , T" has maximal degree less than 1/(8A 2 ) and has less than 
1/A 3 vertices. Therefore, by Lemma the right hand side is bounded by 
2A + (1/A) 3 • (2A) 5 < 3A when A is small, and then 

(28) F M (£ t ° ± Vt | B 2l n A c ) , P (Pi9)iA (£ t ° ^ Vt | ^2 n .4 C ) < 3A. 

§8) P(p l3) ,A + Vt | £ 23 n yl c ) . Let 

r = Le log(l/A)J , U = (l/Xf 31 60 log(1/A) , 

where C3.1 is as in Lemma [T5l Define the following sub-events of B 23 n A c : 

3t > 0, 2; : (i(o, x) = r : There is an infection path 
from (o, 0) to (x, i) that does not pass by o* 

E 2 = B 23 CiA c n {{0,0*} x {0} o B T (o,r) x {[/} inside B T (o,r)}; 

E 3 = B 23 nA c n {3s <U, t > s, x : d(o*,x) = r : (o*,s) o (x,t)} . 
We claim that 

(29) {4°' o *>^0} C E 1 UE 2 UE 3 . 

Indeed, assume that neither of Ei,E 2 ,E 3 occurs. Then, by the defini- 
tion of Ei and E 3 , no infection appears in [0, U] x Bt(o, r) c ; in particular, 

\y) = f° r an V ^ Bx{o,r). Also, if y G Bt(o, r), any infection path 
that reached (y, U) would need to stay inside of Bt(o, r), which is impossible 
by the definition of E 2 . This completes the proof of (I29p . 

Now assume that B 23 n A c occurs and let T be a realization of the Galton- 
Watson tree. We know that deg(o*) < eo(l/A 2 ) log 2 (l/A), no other vertex 
in Bt{o,2t) has degree larger than 1/(8A 2 ) and #Bt{o,2t) < 1/A 3 . 

Applying Lemma [7] to the subtree obtained by removing from T all ver- 
tices that are reached from o through o* (including o* itself), and recalling 
the definition of A 2 , we get 

Pt,x(E 1 )<^-(2\)^ 1 /^. 

Next, applying Lemma [15] to T with the root placed at o*, we have 

I \ C^eo-logO/A) N 



Pt,\{E 2 ) < exp 



Finally, for E 3 to occur, there must be an infection path that starts at (o* , s) 
for some s E [0, U], does not return to o* and ends at some point at distance 
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r from o* . The restriction of not returning to o* implies that this path stays 
inside a tree of maximum degree less than 1/(8A 2 ), so we can use Corollary 
[10] to get 

Pt,x(E 3 ) < SU (2\) r < 8 (~\ \(z-C 3 . v eo)log(l/X) _ 

Using all these bounds, we conclude that, for A small enough, 
(30) ^ M ,x(^°'° } #0Vt|B 23 nA c ) < 



log 2(a - 2) (l/A)' 



To conclude, using ([TTj) . p2|) . (|23|) . (j25)) . (|26|) . f|27 j) and (|3Djl back in (fl6D . 
we get 

U+2(a-2) 

(MJ ' log 2 ( a - 2 )(l/A) 

for A small enough. 



4. The case 2\ < a < 3, proof of Theorem [2] 

We note that in the present case (and in fact also when a = 3), the 
expectation associated to the size-biased distribution q(-) is infinite. 

As was the case with the previous section, proving the lower bound is 
comparatively cheaper. 

4.1. Lower bound. Fix 5 > such that -^-5 > 2 and M > 100 such that 

a— 2 

C2.1 M > 1, where C2.1 is the constant of Lemma [5j Define the following 
events on Galton- Watson trees and the contact process defined on these 
trees: 

Ai = 1 3xi : d(o,xi) = 1, deg(xi) > ^-log(l/A) j ; 
A 2 = Ai n <3x2 ^ o : d(xi,X2) = 1, deg(x 2 ) > 



2 1 



A* = Ai n 



A transmission from o to x\ occurs at a 
time r earlier than the first death mark at o 



On A3, define (Ct)t>r a s the contact process on B(xi,l) started at time r 
with only xi infected and built only with the restriction of the Harris system 
to B(xi,l). Further define 

A A = A 3 n {Ct(zi) = 1 for half the time in [r, r + e M ° 21 MV*)]} ; 
A 5 = A 3 n {Ct(ai) = 1 for some i > r}. 
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Obviously, if n| =1 occurs, then (o, 0) f-> {X2} x M + inside B(o, 2). We have 
P( M )(^i)>c - Ma _ 2loga _ 2(i/A) ; 

P (M) (yl 2 |A X ) > 1 - (l - coA 2 -^- 2 )) 1 " > 1 - e - C oM(i/A)^- 2 ). 

P( M ),a(A 3 I A) > — 

Applying Lemma [5] (assuming that A > 1/100), 

P(p, 9 ),aM4 I A3) > l/2e; 

P (Pj9) ,a(A 5 I At) > e-M 
Putting all this together gives 

((o, 0) infects a site of degree \ ,\ 1 + 2 ( a - 2 ) 

> l/\^~ s i ns ide B(o, 2) ) ~ ° \og a - 2 (1 / X) 

when A is small, for some constant c that does not depend on A. Our lower 
bound now follows from Proposition [T2J 

4.2. Upper bound. In our proof of the lower bound, a significant difference 
can be noted with respect to the case a > 3. It lies in the fact that the 
"supercritical" site that becomes infected is now close to the root. Since 
large sites are no longer far from the root, if the infection is sustained close 
to the root for some time of order 1/A e , where e is not very small, these sites 
will be reached. The proof of the upper bound then depends on controling 
the probability of this event. 

Let A > 0, R € N and T be a tree with root o. We define T' R A as the tree 

x € Bt(o, R) : the geodesic from o to x 

does not contain any vertex of degree 
larger than (except possibly x itself) 

and take the set of edges of T' R A to be the set of edges of T with both 
extremities lying in the above set of vertices. We also write 

deg'(x) = #{yeT RtX :d(x,y) = l}, 

dT' RtX = {x G T' RtX : deg'(x) = 1}. 

We remark that, by Corollary [7] and Corollary [9J if deg(o) < 1/(8A 2 ), 
then 

(31) P T , A ((x,0) O {y} x R + inside T' R X ) < (2X) d ^ Vx,y G T' R X and 

(32) P r , A ((o, 0) o T' RtX x [t, 00) inside T^ A ) < #T^ A • e"*/ 4 . 

We will often omit the dependence on R, A and write T 1 and dT'. 
For randomly chosen trees with deterministic root degree, we have 
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Lemma 17. There exist R G N, e, e' > smc/i i/ A is small enough 
and L> = e(l/A 2 )log(l/A) ; 



(<5 D ,4),A 
l-2(3-a) 



(o, o) o ar^ A xi + )<A £ 



Proof. We take eo = 4 and i? large enough that — 2(3 — a)) + 4 — 
2a > 1 — 2(3 — a). Also take e = where (7 is the constant of Lemma [H 
Now, let T be a rooted tree. Given y G T' = T' R A , i/ ^ o, we define 7r(y) as 
the neighbor of o contained in the geodesic from o to y, and T'(y) as the sub- 
tree of T' with set of vertices {o}U{z : the geodesic from o to z contains 7r(y)} 
and all edges with both extremities in this set of vertices. We remark that 
T'(y) is a tree with maximum degree less than 1/(4A 2 ). For any t > 0, by 
Corollary M, 

(33) Pt',x({°} x [°> *1 M x M + inside T '(y)) ^ 8t(2A)^°'^; 

Given a graphical construction for the contact process on T, define (£t) 
as the contact process on Bt{o, 1) started with only the root infected and 
built only with the death marks and arrows of the graphical construction 
that are contained in -E>t(o, 1). 

Finally, define 

R 

4>r{T) =^A ! .#{j,G 8T' : d(o, y) = i}. 
i=i 

We now consider the following events in a probability space where we have 
defined both a Galton- Watson tree T (with (5 e (i/A 2 )iog(i/A) individuals in the 
first generation and offspring distribution q for subsequent generations) and 
the graphical construction for a contact process with parameter A > 0. 

E% = {4>r(T) > A 60 }; 

E * = {W* + 0} ; 

E 3 = {3y G dT' : {o} x [o, (l/X) 2Ct ] O {y} x M+ inside T'(y)} ; 



3y ET',s< (1/A) 2<5e , s" > s' > s : 
(o,s) O (y,s') o (o, s") inside T'(y) 



Claim 18. If neither of E\, E2, E3, E4 occur, then (o, 0) m dT' x R + . 

Proof. Assume that none of the events occur. In order to have (o, 0) -o- 
dT' x R + , there needs to exist y G ST' and t > such that (o, 0) o (y,i) 
inside X"; let us show that this is impossible. Assume by contradiction that 
we can find such y and t and let 7 be the corresponding infection path, so 
that 7 : [0, t] -> T with 7(0) = and 7(4) = y. Let s* = sup{s : 7(5) = o). 
We cannot have s* < (l/X) 2Ce because E3 does not occur. So assume 
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that s* > (l/A) 2Ce . Now notice that 7(5) e B T (o, 1) Vs < (1/A) 2C£ is 
impossible because E2 does not occur, so there must exist s** < (\/X) 2Ce 
such that 7(5**) ^ B T (o, 1). Now, letting a = sup{s < s** : 7(5) = 0} 
and /? = inf{s > s** : 7(5) = o}, we have (o, a) <-> (7(5**), s**) o (o, /3), a 
contradiction because we assumed £4 does not occur. □ 



The probability in the statement of the lemma is thus less than 

P (fio! q) (E,) + F {Sdj q)>x (E 2 ) + F {SD! 9))A (£3 n E?) + ¥ (Sd> gU (E 4 ) 

Let us bound these terms. 
§1) P (5dj(z) (£i). We bound 



E 



i*(T)) < J] * • %x>, ,) G <9T' : d(o, y) = %}) 



i=l 



Now, under P^^, T" has the distribution of a Galton- Watson tree such 
that: 1) the first generation has D individuals and 2) for subsequent gener- 
ations, the offspring distribution is equal to the law q truncated at 1/(8A 2 ). 
By ©j the expectation associated to this law is smaller than Co(l/(8A 2 )) 3 ~ a . 
Thus, the right hand side of the above expression is bounded by 



R-l 
i=l 



xj ' (sa 2 ) 



(3-o)(i-l) 



(8A 



2\a-2 



+ C ■ X R ■ e 



.,i.logtt.W 



A 2 



(3-a)(i?-l) 



XJ \8X 2 J 



< Clog(l/A) I ^+2(a-2)-2(3-a)(i-l)-2 + A fi-2(3-a)(Jl-l)-2 J 

< Clog(l/A) (X 1 - 2 ^ + \R(l-2(3-a))+4-2a^ 

< CTog(l/A) • A 1 " 2 ^ < X 1 ^^ 1 
when A is small. Therefore, we have 

E/Ji„ „~! ( </>R(T ) ) l-2(3-o) l-2(3-o) 1-2(3— al 

*v d , 9 )(mt) > A eo ) < (g ' g }:r ^ ^ — * = ^ 

§2) P (5dj ?)jA (£ 2 ). If £ 2 occurs, then 
(l/A) 2Ce ' 



Vi G < 0,1,..., 



31og(l/A) 



(Ct) does not become extinct in 
[t-3Iog(l/A), (» + l).31og(l/A)]. 
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j t ■ (l/A) 2Ce 
Usm S 41og(l/A) 

than 



< 



(1/A) 20e 
31og(l/A) 



and Lemma [6l the probability of this is less 



(iAr 



(l/A) 2 



< exp — kX 



when A is small enough. 



1 _ fc e -Celog(l/A) \ 41og(l/A) _ ^ _ ^Ce^ 41og(l/A) 

/ c, (VA) 2C?e 



41og(l/A) 



< A 



§3) F(<5 Di q ),\{E^ HEf). Assume that E\ does not occur and fix a realization 
of T. For y £ 9T', using ([33]) we have 



/ 1 \ 2Cc 

^T',A ( {o} x [0, (1/A) 2 ^] o {y} x M + inside T'(y) ) < f -J (2A) d ( > 
so that 

' 3y G 5T' : {o} x [0, {l/\) 2Ce \ O M xl + \ 



10 



T',A 



inside T'(y) 



i=l 

{ 1 \ 2< ^ <E / 1 \ 2< ^ £ 

= C (a) ^)<CUj -A^CA^ 2 . 

Finally, 

% D)?)iA (^n^) 

/ / 3 y e ar : 

W x [0, (l/A) 2Ce ] o {y} x M + \ \ < CX" r2 . 
inside T'(y) 



2Ce R 



< E (5 D , q),\ 



I El ■ Pt',\ 



\ 



\ 



4) ^(s D ,q),\(E4)- Let T be a realization of the Galton- Watson tree. By 
3T 



3y£T': d(o,y) > 2, s < (l/A) 2Ce , s" > s' > s : 



T'X 



(o, s) <H> (y, s') o (o, s") inside T'(y) 



< 



-. \ 2Ce R 

- J>A)t*-#{yeT':d(o,y)=i}. 

' i=2 
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Integrating over T, 

2Ce R 



- ^(2A)I J • E (5o: q) (#{y € T' : d(o, y) = i}) 

' i=2 

/i\2Ce R , 1 v (3-o)(i-l) 



recall that eo = 1 2 ^ < 1/4, so the above is smaller than X 6 ' for some 
e' > and A small. □ 

In the rest of this section, we take R and e as in the above lemma. Since 
in the proof of the lemma we could have taken R as large as desired, we may 
also assume that 

(35) R(l - 2(3 - a)) > 2(a - 2) + 1. 

We consider the following events in a probability space where we have de- 
fined both a Galton- Watson tree T (with offspring distribution p for the first 
generation and q for subsequent generations) and the graphical construction 
for a contact process with parameter A > 0. 

A 1 = {deg(o) > 1/(8A 2 )}; 

A 2 = A c 1 n{ (o, 0) <-> (B T (o, If n dT') x R+ inside T' } ; 
A 3 = A\ n { (o, 0) o T' x [log 2 (l/A), oo) inside T' } ; 

* = AS n {# i) n «*) > 2} n { °> - <W)n ^ x M + } 
A 5 = ^n{#( J B T (o,i)naT / ) = i}. 

On A5, define x* as the unique neighbor of o that is in dT'; note that 
deg'(x*) = 1 and deg(x*) > 1/(8A 2 ). Also on A 5 , define 

n = inf{i : (o, 0) o (x*,t) inside T'} € (0,oo], 

r 2 = inf {t > n : (o, 0) o (x*, i) inside T'} € (0, 00] 

and let T" be the tree with root x*, vertex set 

{x £ Bt(o,R) : the geodesic from x* to x 
does not contain o nor any vertex of degree 
larger than ^ (except x* and possibly x) 

and again take as edges of T" the edges of T such that both extremities lie 
in the above set of vertices. Similarly define deg" and dT" as before (note 
that o £ dT"). 
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Now define 

. . J there are at least 3 arrows from o to x* \ 
51 = 5 n \ in the time interval [0, log 2 (l/A)] J ' 

A 52 = A 5 n (deg(x*) > e(l/A 2 ) log (1/A) } D {n < oo}; 

A 53 = A 5 n (1/(8A 2 ) < deg(^*) < e(l/A 2 ) log (1/A)} 

n {n < oo} n { (x*, n) ^ <9T" x [n, oo) inside T" } ; 
A 54 = A 5 n{l/(8A 2 ) <deg(x*) <e(l/A 2 )log(l/A)} 

n {r 2 < oo} n { (a?*, t 2 ) <-> <9T" x [r 2 , oo) inside T" } . 

Claim 19. If neither of A\, ^4 2 , A3, A4, A51, A52, ^53, ^54 occurs, then 
(°CT'U T" /or all t > log 2 (1/A), and thus the contact process dies out. 

Proof. Assume that neither of the events occur and define a = inf{£ : 
(o,0) dT'}. If a < 00, then there must exist y G dT' such that 
(o, 0) O (y, o") inside T'. We consider several cases. 

Case 1: #(Bt(o, 1) n 9T') = 0. Since A 2 does not occur, we cannot have 
d(o, y) > 2, so y cannot exist, so the infection never leaves T' . 

Case 2: #(Bt(o,1) PI 9T') = 2. Since A2 does not occur, we cannot have 
d(o, y) > 2. Since A4 does not occur, we cannot have d(o, y) = 1 
either, so y cannot exist and the infection never leaves T' . 

Case 3: #(B T (o,l)ndT') = 1, deg(x*) > e(l/A 2 ) log(l/A). Again we cannot 
have d(o, y) > 2, and since A52 does not occur, we cannot have 
y = x* . So again the infection does not leave T". 

Case 4: #(B T (o, 1) ndT) = 1, deg(x*) < e(l/A 2 ) log(l/A). Assume that for 
some t > log 2 (l/A) and z € T, we have Q{z) = 1. Let 7 : [0,i] ->• T 
be the corresponding infection path, so that 7(0) = o and j(t) = z. 
Let a' = inf{s : 7(5) G dT'}. If we had o 7 > log 2 (l/A), we would get 
(o,0) o T' x [log 2 (1/A), 00) inside T", which is impossible because 
As does not occur. Therefore, a' < log 2 (1/A) and, arguing as in the 
former cases, we must have 7(0"') = x*. Since A51 does not occur, 
we must either have a' = T\ or a 1 = t 2 . We then either use the 
definition of A53 or that of A54 to conclude that z must be in T". 
This completes the proof. 

□ 



We now proceed to show that the the probability of each of the events is 
less than a fixed multiple of , A ,„ + i , - ; . 

§1) Pq, q }(Ai). We have already shown in Subsection 13.21 that this is smaller 
than , Vriw'L < Al+2(a " 2) 



log 2 ( a - 2 )(l/A) - log( a - 2 )(l/A) ' 
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§2) ¥(p jq Yx(A2)- Assume that Ai does not occur; then, for a given realization 
of T, we have 

Pt,\ [ip, 0) «-> (B T (o, l) c n dT') x W + inside T') < ^ (2A)^°' S/ ) . 

yGdT' :d(o,y)>2 

Also using ([6]) and ([7]), we get 

/? 

P(p )9 ),a(40 < £(2A)< • E (M) (#{y € ST' : d(o,y) = i}| A?) 



< ^(2A)' • E(p i9) G <9T' : d(o,y) = i}) 



i=2 

/ 1 N (i-l)(3-a) / 1 \ii(3-a) 

^§ A *'(^) ^(^)'°- 2 ' + CA«.(^) . 

where C is a constant that depends on R but not on A. This is less than 

00 \2(<x-2)+l 
CA 2( S -2)+l^>(i-l)(l-2(3-a)) , c , A i?(l-2(3-a)) < 

^ " log Q - 2 (l/A)' 

by (35}. 

§3) P(p l9 ) lA (^3). By (J32]), 

Pfe ! ),A(^)<E(p, ! )(r)'^ lo6S(lA,/4 

< i? • E(p iff) G T' : d(o,ar) = R}) ■ X log ^ x ^ 

< R • (l/(8A 2 ))^ 3 - a ) • < C A2(a " 2)+1 
" " log^ 2 (l/A) 

when A is small. 

§4) ^(p,g),\(A^). Let Dx = # (S T (o, 1) n ST'). As in §2 above, 

(36) P( p , 9 ),a(^4) < C A • E(p j? ) (£>i • / {Dl > 2} ) . 

Now, conditioned on deg(o) = k, we have 

#{x : d(o,s) = 1, deg(x) > 1/(8A 2 )} ~ Bin(A;, g[l/(8A 2 ), oo)). 

LetO = C (8A 2 ) a ~ 2 > <?[1/(8A 2 ), oo) as in © and let Xj denote a Bin(2*, ( 
random variable. The right hand side of (|36p is less than 



(37) CX f>[2\ 2 4+1 ) • E(A m • / { x i+1 > 2} ). 



i=0 
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For a Bin(n,p) random variable X, we have 

nx-hx>2}) = Y,(% i ^-p) n - 1 

i=2 ^ ' 

So, in ([3Z]) we use the bounds p[2*, 2 m ) < (1/2)*( 0_1 ) and, for K € N to be 
chosen later, 

E(X l+1 -/ { x i+1 > 2 })<| 2i+l0 otherwise . 
([371) is thus less than 

if oo 

CX Y (l/2) i(a_1) • {2 i+1 9) 2 + CX (l/2) i(a_1) • 2 m 

i=0 i=K+l 
K oo 

^CA^T^ 3 ^ .\^)+C\ Y, (l/2) l ^A 2 ( a - 2 ) 

i=0 i=AT+l 

< CA 1+4 ( a " 2 ) • K ■ 2 K + CA 1+2 ( a - 2 ) • (l/2)^ a " 2 ). 

Now, put K = r 10 ^ 1 ^^ ]; where log 2 = log log. Since K > l ° g ^2 ^ > we 
have 

\l+2(a-2) 

CA l+2(a-2) . (1/2) K(a-2) < 

1 ' ) ~ log a - 2 (l/A) 

On the other hand, since K < — -, we have 

log2 B \\J log(l/A) 

when A is small. 

§5) P( p 9 ) A (A5i). Since arrows from o to x* arrive as a Poisson process of 
parameter A, 

IWa(Ai) < P( Poi(A • log 2 (l/A)) > 3 ) < C7(Alog 2 (l/A)) 3 
for some C > and A small. Now, when A is small enough, this is smaller 

\l+2(a-2) , . 

than io g a -^(i/A) smce 1 + 2 ( a - 2 ) < 3. 
§6) P( p ^(^52). This is smaller than 
~ ( I deg(o) < 1/(8A 2 ), \ ( M)H{x*}xI + 

a ( P , 9 ),A y <y #(b t (o, 1) n dV) = 1 j *t,\ ^ inside r , 

< CAP(p >ff) (3z € B T (o,l) : deg(x) > e(l/A 2 ) log(l/A)) < C X ^ - 



log^l/A) 
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as in §5 of Subsection 13.21 

§7) P (2,^)^(^453). Using Lemma \T7\ we have 

V M ,a(A 54 ) < E( p , 9 ),a {Ia 5 • Pt,x((o,0) O {x*} x R + inside T')) 
•P/ n , ( (o,0) <-> 9T' inside T') 

( 5 E (l/A2)log(l/A).9j. A ' 

< CA • A e ' • P fe?) (3a; G B T (o, 1) : deg(x) > 1/(8A 2 )) 

\l+2(a-2) 

" log a - 2 (l/A) 

when A is small. 

§8) ^(^,5)^(^54)- Similarly, this is smaller than 

PW),A (A n {r 2 < 00}) • P, \ ((o, 0) O ar' inside T') 



° E (l/A2)log(l/A) 

A l+2(a-2) 

< P(p >9 ),a (^5 n {n < 00}) • A e < lQgQ _ 2(i/A) . 

5. The case 2 < a < 2^, proof of Theorem 

In this section the bulk of the density no longer comes from sites which 
are neighbours of sites with degree of the order (neglecting log terms) 

5.1. Lower bound. Given Proposition [12] and Proposition [H our analysis 
essentially concerns contact processes on random rooted trees, T, produced 
under law P( Pi g)- However first we will consider processes on T with law ¥ q . 

In order to analyze the contact process (£°)t>o beginning on such a graph 
with initially only the root o occupied, we introduce a comparison process 
(Vt)t>o, begining with the same initial conditions. For this process sites 
become permanently set to value the first time (if ever) that they return 
to value after having taken value 1. So, in consequence, sites cannot 
infect sites closer to o than themselves. More precisely, the modified contact 
process (r]t) is defined as follows, ^t(o) = 1 until the first death (time 
t € D°). And for other sites y E T, y becomes 1 at r y if r y E D z ' y and 
r) r (z) = 1, where d{o, y) = d{o, z) + 1. Furthermore, the value of site y is 1 
only on (T y ,a y ), where a y := inf{t > r y : t £ D y }. Here D z,y and D y are 
the Poisson processes generating the original process (£°). It is easy to see 
that 7] t (y) < £,°{v) f° r an y time t and any vertex y. 

Define 

X m := #{z : d(o, z) = m, 3t < 00 with ryj(z) = 1} 

for m = 0, 1, 2, • • • . Then (X m ) m >o is a branching process and is in principle 
easy to analyze. 

Throughout this section, we use the notation 

D = inf{t > : rj t (o) = 0}, N = deg(o). 
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We have the following lemma, which gives a lower bound for the probability 

& q ,x(Xi>k). 

Lemma 20. For all k > 1 and < A < j^q, there exists C^i universal such 
that 

P s> a(*i > A:) > C 6A ■ ^J. 
Proof. Directly calculate to get 

P,,a(*i > k) > P,, A (Xi > k, D > 1, N > y^—>) 



>e- 1 .P 9 (iY> r -^ rX ).p(Bin( T -^ x , 1 - e "* ] > A- 



as desired. □ 



On the other hand, we can get the upper bound for W qt \(X\ > k). It is a 
consequence of standard large deviation results. 

Lemma 21. For all k > 1 and < A < y^j, there exists C$.2 universal such 
that 

P s> a(*i >k)< C 6 . 2 • 

Proof. Without loss of generality we suppose that k = 2 l and A = 2 _r , where 
I and r are nonnegative integers. Then 



\x(Xi > k) = £p,,a(*i > 2 l , N G [2 ,+t \2 ,+ " +1 )) 

< £ > 2', iV G [2 /+ ^, 2 l+v+1 )) + P ? , A (V > ^ 



u=0 
r-1 



< ^^(Xj > 2 l , N G [2 i +",2 i +"+ 1 )) + C! • ^JJ. 

D = 
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For v £ {0, 1, 2, ■ ■ ■ , r — 1} fixed, we have 
P,,a(Xi > 2', iV € [2^,2 /+,;+1 )) 

/<oo 

< F qtX (N > 2 l+v ) • / P(Bin(2 /+,;+1 , 1 - e" At ) > 2 l ) ■ e^dt 

Jo 

< C 2 ■ (2 l+v )~ a+2 ■ / P(Bin(2 z+,;+1 , At) > 2 l ) ■ e^dt 

Jo 

= C 2 ■ (2 l+v )~ a+2 - 

2 r-v-2 

/ P(Bin(2 I+u+1 ,At) > 2 l ) -e-'dt 

Jo 

/•OD 

+ / F(Bm(2 l+v+ \Xt) > 2 l ) • e~ l dt . 

J2T-V-1 

Note that 

/ F(Bin(2 l+v+1 , At) > 2') • e _t <ft < / e^dt = e"^. 

J2T-V-1 J2T-V-2 

By standard large deviation bounds, 

/ P(Bin(2' +1,+1 , At) > 2') • e _t dt < j K- e~ v~?+ L t ■ e^dt 

Jo Jo 



< X • — — • e 2—^- = K • — — • e~° 5 ' 2 2 



for universal if, C3, C4 and C5. So we get 



t-o+2 r ~l 

i > fc) < Cx ■ + ^C 2 - (2'+'«)-+ 2 • e - V 



r-1 



u=0 



+ ^C 2 • (2' +-t; ) _a+2 • K • 

v=0 



r V — r — 1 



-a+2 



A -a+2 ' 
□ 



as desired. 

Having obtained both bounds for the probability F qj \(Xi > k), we can 
then get the crucial estimation for <3?a( s )) the generating function for the 
branching process (X n ). 

Lemma 22. For < A < ^ fixed, there exist constants Cq.z and so € (0, 1) 
such that for any s G [sq, 1], 



$\(s) < 1 - C 6 . 3 X a - 2 (l - s) a - 2 . 



METASTABLE DENSITIES FOR CONTACT PROCESSES ON RANDOM GRAPHS 33 



Proof. For s close to 1, choose k so that 1 — s € [2 k ,2 k+1 ). Then by 
Lemma l20l and Lemma EH 



n=0 

2 k -l oo 

< h\( X l =n) + ^P 9 , A (X 1 € [2 r ,2 r+1 ))s 2 



n=0 r=k 

oo 



< 1 - f q jSX x > 2 k ) + Y J hA x i > 2 r ) • (1 - 2 

r=k 

{2k) -a + 2 °o 

< 1 " U.2 • x _ a+2 + ^ C 6.2 • A _ a+2 • 

r=fc 



k\2 r 



C 6 . 2 (1 " S) a " 2 , A _ x (2-*+2)r 



2a-2 A _a+2 Z— / D - z A~ a + 2 

r=k 



+2\r 



= 1 - d ■ A a ~ 2 (l - s) a - 2 + C 2 • A a ~ 2 • ^(2~ a 

< 1 - Ci • A a ~ 2 (l - s) Q ~ 2 + C 3 • A a - 2 (2- a+2 ) fc - 1 
= 1 - C 3 ■ A a ~ 2 (l - s) a ~ 2 + C7 3 • A a - 2 (2- fc+1 ) a " 2 

< l-C7 4 A a " 2 (l-s) a " 2 , 

as desired. □ 

From Lemma [22l we can easily get the following corollary. 
Corollary 23. There exists a constant Cqa such that 

a — 2 

V q ^\(X n survives) > CeA^ 3 ~ a ■ 

Proof. From the standard theory of branching processes (see e.g. [5]), /3 := 
F qt \(X n survives) satisfies <3?a(1 — 0) = 1 — (3. By Lemma l22"j we have 
1 - P < 1 - C G . 3 \ a - 2 P a - 2 , so p > CX^ , as desired. □ 

If we make analagous definitions for process {r/t : t > 0} for T with law 
then it is easy to see that 

Corollary 24. For constant C§.§ and A small, 

P(p j? )(X n survives) > — ^ A a- . 

We are now in a position to prove the lower bound of Theorem [3l It 
follows from Corollary [23] that (if A is small) with probability at least 

^S^A 3 ~ a the branching process X survives and so the related process 
(rjt) will also survive with at least this probability. It is easy to see that 
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(r/t) cannot survive without infecting a site in T of degree at least p-. Given 
that (£°) dominates (r/t) we can conclude that with probability at least 

k|4^ 1+ ~, the process (£°) infects a site of degree at least jg. The lower 
bound now follows from Proposition [T2J 

5.2. Upper bound. Let M = 4C , where C is as in Given A > 0, 

let R = R(X) = [100alog(l/A)l. 

For the Galton- Watson tree, define A\ = |deg(o) > ^^j— \- We have 
P( P , g )(^i) < C • M a ~ x ■ A^ < A 1+ t^ 

when A is small. 

Given a rooted tree T, let 

x G Bt{o, R) : the geodesic from o to x does not contain | 
any site of degree > (l/\)z = */M (except possibly o and x) J 

3T' = {x G T' : deg(x) = 1}. 

Thus, dT' contains all sites at distance R from o and all sites at distance 
less than R from o that have degree larger than (1/A) 3 ~ a /M. If deg r (o) < 
1/(8A 2 ), Lemma [7] implies that 

oo 

Pt,X ((o, 0) o dT' x R+) < 5^(2A) f • #{x G dT' : d(o, x) = »}. 

i=i 

Using this, we get 

P (M)!A ((o,0)^ff'xR + | At) 



T' 



< J2( 2X Y ■ % ff ),A G 0T' : d(o,x) = i} | A\) 



i=l 



< ^(2A) J • E (Pig)jA (#{x G dT' : d(o,s) = i}) 





l \ 3-a\ l " L / ix -(o-2)' 

(1/A)— \ 1 ' ' N 



'* 2'C*- 1 (2C ) R 



- A M i_1 M^-*)R 



8=1 



^ r\i/~<i— 1 



< CA^ +1 V = + 2" fi < CAt^ +1 + A 100al °s( 2 ) < C\&\ 
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Since f M , x (tf + V*) < IW^i) +P (m) ,a(M) ^ 0T' x M + | Af), 
the upper bound is now established. 
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